This paper presents an advanced Bayesian analysis method to determine the appropriate non-periodic inspection intervals of fatigue-sensitive structures. The calculation procedure of the posterior distribution is improved compared to the previous methods. The method is based on assumptions about the probability density functions of the time until crack initiation, a law of crack propagation, the probability of crack detection and the failure rate before and after crack initiation. A major feature of this method is that even when there are uncertain parameters in the equations, the next inspection interval can be determined. Moreover, the probability density function of the uncertain parameters is updated according to the results of each inspection. A simulation study was conducted to evaluate the proposed method. The proposed method is evaluated and it is statistically shown that this Bayesian approach allows (a) evaluation the inspection interval accurately even with incorrect prior knowledge about the parameters and, (b) estimation of the reliability of a system accurately, even when some of the parameters are uncertain.
Introduction
There is demand for performing maintenance of aging infrastructure more efficiently and effectively in many industries. For safety-critical infrastructure such as nuclear power plants, aircraft structural components, and aircraft turbine engines, the optimization of inspections with respect to cost and reliability is desired. The concept of Bayesian analysis was applied to the inspection procedure, (Itagaki et al., 1976 , Itagaki and Asada, 1977 , Shinozuka et al., 1981 a, Itagaki and Yamamoto, 1985 . Bayesian approaches have been introduced by Fujimoto et al. (1989) and Deodatis et al. (1992) to determine the appropriate non-periodic inspection intervals for multiple component fatigue-sensitive structures so that, throughout the service life, the reliability remains above a predefined minimum level. As part of this approach, values of several uncertain parameters must be estimated. The method introduced by Ito et al. (1992) focuses on aircraft structures and makes use of the appropriate equations for a law of crack propagation, the probability of crack detection and the failure rate after crack initiation.
In this paper, the Bayesian method of Deodatis et al. (1996) and Itagaki et al. (1997) , which requires all the historical information about inspections, is modified so that only the data from the latest replacement or repair of components is required. This improvement is formulated by equation (22) to (28) and (30) in Section 3. The other procedures explained in section 2 and 4 are the same as the method of Deodatis et al.(1996) .
In section 6, the method is evaluated through statistical analysis consisting of a large number of computational trials. This analysis was not possible at the time previous researches that inspired this work was conducted because of the lack of sufficient computational resources. The advantage of this method is that it allows us to use of distributions from Huang, Knopp, Tsunokai and Asada, Mechanical Engineering Journal, Vol.5, No.5 (2018) [DOI: 10.1299/mej. other applications and expert human knowledge as prior distribution functions. The process of starting with a prior distribution and updating the probability density along with the accumulation of data is practical and useful for many applications.
2. Non-periodic inspection schedule using probabilistic method
Basic assumptions and equations
A system is considered that consists of a specific number of elements. An element is such that it possesses only one fatigue-critical location. Throughout this paper, time is measured in the number of total accumulated cycles.
All elements were inspected at the initial state and at the time of each scheduled inspection. Cracks and failures that do not cause the system to stop functioning, can only be detected during inspections. The following assumptions are made:
 The probability of detection of a crack is a function of the crack length.  The probability of detection of an element failure is equal to one.  When detected, all cracks or failures cause the concerned element to be repaired or replaced.  After repair or replacement, an element regains its initial strength (same as a new one).  No stress redistribution is considered after the occurrence of crack or failure.
1) Fatigue crack initiation
The time to crack initiation (TTCI), denoted by t and measured in number of cycles, is assumed to be a random variable with a probability density function that follows a Weibull distribution:
Additional uncertainty is introduced in the TTCI by the scale parameter β which is considered to be a random variable and is the first uncertain parameter of this study. The shape parameter α is assumed to be deterministic for the sake of simplicity. The conditional distribution function of the TTCI is expressed by (2) 2) Fatigue crack propagation Fracture mechanics theory is used to determine the length of a propagating crack under random stress. For the purpose of this study, it is assumed that a crack grows according to the following law (Asada et al., 1994) . (3) where a is the crack length, c and b are constants. Integrating (3) from the initial crack length a 0 at time of crack initiation t c , to the current crack length a at time t, (4) is obtained.
(4)
Uncertainty in the fatigue crack propagation is introduced by parameter c which is considered to be a random variable and is the second uncertain parameter of this study.
3) Probability of detection
The probability of detecting an existing crack of length a during an inspection is (5) a min denotes the minimum detectable length and θ is a constant. Uncertainty in the probability of crack detection is Huang, Knopp, Tsunokai and Asada, Mechanical Engineering Journal, Vol.5, No.5 (2018) [DOI: 10.1299/mej.18-00157]
introduced by parameter d which is considered to be a random variable and is the third uncertain parameter of this study.
4) Failure rate and probability of safety Failure of an element occurs when the random stress exceeds the strength of the element for the first time. An element can fail either before or after crack initiation. According to Asada et al. (1994) , the failure rate before and after crack initiation at time instant t c is (6) For the sake of simplicity, parameter r, α r and β r are assumed to be deterministic constants. The probability of safety U of an element before crack initiation and during operation from the start-up time T l to time t is .
The probability of safety V of an element after crack initiation and during operation from the time of crack initiation t c to time t is (8) It should be noted that the functional equations used for fatigue crack initiation, crack propagation, the probability of detection, failure rate and the probability of safety are selected mainly to demonstrate the capabilities of our approach. It is a straightforward task to change any equations as well as their parameters depending on the case under consideration.
Possible events and probabilities
During the j-th inspection, performed at time T j , all possible events and their probability must be considered in order to estimate the reliability of a certain element.
1) Events and probabilities that a failure is found
The event {A: j, l} represents the event that an element was found to have failed at the time of the j-th inspection T j (or during the time interval [T j-1 , T j ]). This event is one of the two mutually exclusive events E 1, j or E 2, j .
The event E 1, j represents that the element failed before crack initiation, sometime between the two previous inspections, during the time interval [T j-1 , T j ]. E 1, j consists in two sub-events: (a) no crack would have initiated in the element before T j if failure did not occur sometime during the time interval [T j-1 , T j ] and, (b) a crack would have initiated in the element at time instant t (T j-1 < t < T j ) if failure did not occur during the time interval [T j-1 , t]. The probability P 1, j of event E 1, j is given by the sum of the probabilities of these two sub-events.
(9)
The event E 2, j represents that the element failed after crack initiation, sometime between the two previous inspections, during the time interval [T j-1 , T j ]. Event E 2, j also consists in two sub-events (a) and (b).
(a) A crack initiated at time instant t in the time interval [T i , T i+1 ] where i = l, … , j-2. The crack was not detected Huang, Knopp, Tsunokai and Asada, Mechanical Engineering Journal, Vol.5, No.5 (2018) The probability P 2, j of event E 2, j is given by the sum of the probabilities of the two sub-events.
2) Events and probabilities that a crack is found The event {B(a j ): j, l} represents the event that an element was found not to have failed at the time of the j-th inspection T j and that a crack of length between a j and a j + da j is detected. This event consists of only one event E 3, j . Since a crack of length between a j and a j + da j is detected during the j-th inspection, the time of initiation of the crack t c can be computed from (4) as follows:
. (11) The differential dt c is:
The probability p 3, j (a j )da j of event E 3, j is (13) where δ is (14) By replacing t c and dt c in (13) by their expressions defined in (11) and (12), the probability p 3, j (a j )da j can be expressed as a function of a j only.
3) Events and probabilities where nothing is found
The event {C: j, l} represents the event that the element was found not to have failed or cracked at the time of the j-th inspection T j . This event is one of the two mutually exclusive events E 4, j or E 5, j .
The event E 4, j represents that the element did not fail during the time interval [T j-1 , T j ] and that no crack is present. The probability P 4, j of event E 4, j is (15) The event E 5, j represents that the element did not fail during the time interval [T j-1 , T j ] but that a crack initiated at time instant t in the time interval [T i , T i+1 ] where i = l, … , j-2, but was not detected during all subsequent inspections (from inspection T i+1 to inspection T j ). The probability P 5, j of event E 5, j is Huang, Knopp, Tsunokai and Asada, Mechanical Engineering Journal, Vol.5, No.5 (2018) [DOI: 10.1299/mej.18-00157] 
,
.
Bayesian method for uncertain parameters
The parameters that appear in the equations related to fatigue cracks, (2), (4) and (5), are uncertain parameters that depend on environmental conditions. In order to solve the problem of these uncertainties, a Bayesian method is applied. These parameters are modified according to the information from the inspection results.
Prior joint density function
The three parameters β, c and d are considered as possible sources of uncertainty. Initially, it is assumed they are jointly and uniformly distributed according to the following prior density function: (20) where (21) 
Conditional probabilities
In the method introduced by Deodatis et al. (1996) , the likelihood function of the possible events concerning an element at the time of inspection, is determined from the historical information on all previous inspections since start-up. This determination is not possible if this information is incomplete. Using conditional probabilities, the Bayesian analysis method can solve this problem. However, the information from the time of the last repair or replacement of an element is still necessary.
1) Conditional probabilities after repair during last inspection
A Y represents the event that a failure was found during the j-th inspection. The probability of event A Y can be derived from (17) and is (22) where represents the event that the element was repaired during the (j-1)-th inspection. B Y represents the event that a crack was found during the j-th inspection. The probability of event B Y can be derived Huang, Knopp, Tsunokai and Asada, Mechanical Engineering Journal, Vol.5, No.5 (2018) (24) 2) Conditional probabilities after no repair during last inspection A N represents the event that a failure was found during the j-th inspection. The probability of the event A N is (25) where represents the event that the element was not repaired during the (j-1)-th inspection, and l indicates that the last repair or replacement occurred at time T l . The numerator in (25) has the same form as in (17), but with the restriction that . The denominator in (25) can be computed as in (19) . B N represents the event that a crack was found during the j-th inspection. The probability of the event B N is
The numerator in (26) has the same form as in (18), but with the restriction that . C N represents the event that nothing was found during the j-th inspection. The probability of the event C N is
The numerator in (27) has the same form as in (19), but with the restriction that .
3) Likelihood function Only the information from the last repair or replacement is needed to determine the likelihood function with the Bayesian analysis method using conditional probabilities. The likelihood function for element m after the j-th inspection is (28) In (28) , depending on the result of the j-th inspection of element m. The probability P m {*} refers to the relevant probability in (22) to (27) .
The likelihood function LF j for the entire system after the j-th inspection is (29) Huang, Knopp, Tsunokai and Asada, Mechanical Engineering Journal, Vol.5, No.5 (2018) [DOI: 10.1299/mej. where M is the total number of elements in the system.
4) Posterior probability density function
The posterior joint probability density function of parameters β, c and d after the j-th inspection is (30) where S is the sum of the probabilities of all the possible events at the time of the j-th inspection. A schematic diagram of the computational process of the posterior probability density function is shown in Fig. 1  to clarify the difference from the previous method. The proposed method is formulated to use only the probability density distribution at the last inspection and the inspection results after the last replacement of an element. The fact that all the inspection results does not need to be kept is an advantage at the time of application. 
Reliability computation
Inspection intervals are determined according to the computed reliability of the entire system. The reliability of the elements of the system at the instant t * in the time interval [T j , T j+1 ], where T j is the time of the j-th inspection, depends on whether the elements have been repaired or replaced during the j-th inspection.
Reliability of elements repaired or replaced during the j-th inspection
When an element is repaired or replaced during the j-th inspection, the condition of the element is reset and the start-up time T l is equal to T j . The reliability R(t * : Rep) of an element, in other words, the probability of an element survival, is computed as the sum of the following two probabilities: (a) the probability that the element will survive during the time interval [T j , t * ] and that no crack will initiate before t * and, (b) the probability that a crack will initiate sometime during the time interval [T j , t * ], but the element will survive this time interval.
Thus, the reliability R(t * : Rep) is (31)
Reliability of elements not repaired nor replaced during the j-th inspection
The reliability R(t * : No) of an element is computed as the sum of three probabilities divided by the probability that nothing was found during the j-th inspection, . The three probabilities are (a) the probability that the element will survive the time interval [T l , t * ] and that no crack will initiate before t * , (b) the probability that a crack will initiate ...
～ ～
Replacement of elements Huang, Knopp, Tsunokai and Asada, Mechanical Engineering Journal, Vol.5, No.5 (2018) 
Determination of reliability and next inspection interval
The reliability of the entire system at the instant t * is determined by an integral over the whole variable space of the probability density function of the uncertain parameters β, c and d.
where (35) In (35), M 1 is the number of elements repaired or replaced during the j-th inspection, M 2 is the number of elements found intact after the j-th inspection, and M 1 +M 2 = M is the total number of elements. R m is the reliability of the m-th element and is defined in (31) and (32).
Assuming that the entire system must maintain its reliability above a specified design level R design throughout its service life, the reliability at time t * after an inspection performed at time T j should satisfy (36).
In order to determine the time of the next inspection, a simulation is performed and t * increases by a time increment until (36) is not satisfied anymore. The maximum value of t * that satisfies (36) is the time of the next inspection. The steps of the simulation to determine the time of the next inspection are the following.
(1) Simulation of the initiation and propagation of fatigue cracks and rate of failures, using real values for all the parameters.
(2) The reliability of the entire system is estimated without using the results of the first step. As the values of the uncertain parameters are not known, the posterior joint density function of these parameters at time T j are used. The maximum value of t * that satisfies equation (36) is determined, and the next inspection time T j+1 is set to this value.
(3) Virtual inspection of the system at time T j+1 is performed, accordingly to the results of the first step. 
Numerical results

Value of the parameters in numerical simulations
The system considered in this study is assumed to have 50 elements (M=50). Its service life is limited to 30,000 cycles and the minimum reliability level for the entire system is set to 0.8 (R design =0.8). The values of all the parameters used in numerical simulations are shown in Table 1 .
The true value of the parameters is always used when simulating the behavior of the elements of the system such as crack initiation, propagation, detection and rate of failure. However, when estimating the reliability, the parameters β, c, and d are either fixed to their true value, fixed to an incorrect value, or are uncertain (they have a probability density function). Huang, Knopp, Tsunokai and Asada, Mechanical Engineering Journal, Vol.5, No.5 (2018) [DOI: 10.1299/mej.18-00157]
Results with fixed parameters
First, as a demonstration, the results in the case of known parameters β, c and d are shown in Fig. 2 . The results for two values of β are compared. The vertical axis represents the estimated reliability of the system and the horizontal axis the time. Each time an inspection is performed, the reliability increases to 1.0. These results show that reasonable inspection intervals are obtained with our method, that is, the required inspection intervals become shorter over time. According to (2), a smaller value of β means that a crack will initiate earlier and thus, more frequent inspections are required (see Fig. 2 (b) ). Huang, Knopp, Tsunokai and Asada, Mechanical Engineering Journal, Vol.5, No.5 (2018) [DOI: 10.1299/mej.18-00157]
Results with Uncertain Parameters
The results when parameters β, and either c or d are uncertain are shown in Fig. 3 . In these cases, the prior probability density function of those parameters follows a uniform distribution, from the minimum to the maximum values specified in Table 1 . Reliability is determined from the probability density functions of the parameters, which are updated according to the results of each inspection. Fig. 3 shows that similar inspection intervals in the case of known parameter valueβ = 40,000 are obtained, even when two parameters are uncertain. Fig. 3 . Reliability of the system with uncertain parameters. Fig. 4 shows the probability density function of the uncertain parameters after a number of inspections. As the number of inspections performed increases, the peak near the true value becomes more prominent. It indicates that the values of the parameters are correctly estimated by the method. Huang, Knopp, Tsunokai and Asada, Mechanical Engineering Journal, Vol.5, No.5 (2018) 
Statistical analysis
The initiation time of a fatigue crack is considered to be a random variable that follows a Weibull distribution. Furthermore, the parameters β, c and d may be uncertain.
Because a simulation is a stochastic process, in order to evaluate our method, it is necessary to perform statistical analysis. According to a preliminary examination, where different number of trials from 500 to 2000 were compared, performing 1000 or more trials is enough to obtain good statistical analysis results.
Basic statistical properties
In order to evaluate the Bayesian estimation of the uncertain parameters in several cases, statistical analysis is performed. The average, standard deviation and coefficient of variation values of the total number of inspections and of the peak values of the parameters after each trial are shown in Table 2 . The results are obtained from 2000 trials and the numbers in parentheses are the true values of the parameters. The last row shows the results when all parameters are fixed and no Bayesian estimation is performed.
The average peak value of parameter β is a good estimation of the true value. Although the average number of inspections converges to that of the true value, the standard deviation is relatively large. This is because β has a significant impact on the determination of the inspection intervals. The average peak value of parameter c is 20% greater than the true value, leading to an underestimation of the number of inspections. Because the Bayesian estimation reaches a local minimum when parameter c is uncertain, more information is necessary to improve its estimation. The estimation of parameter d is not so good, notably because of a relatively large standard deviation. However, when the uncertain parameter is d, the estimation of the number of inspections is very good. It means that this parameter does not have a significant influence on the reliability. Huang, Knopp, Tsunokai and Asada, Mechanical Engineering Journal, Vol.5, No.5 (2018) [DOI: 10.1299/mej.18-00157] 
Statistical analysis of several prior density functions
The inspection intervals estimated by the method depend on the prior density function of the uncertain parameters. Especially for the first inspections, when there is not enough information to estimate accurately the range of the parameters, the prior density function is the main factor influencing the length of the inspection intervals.
The results of the statistical analysis of several prior density functions of β are compared in Table 3 . The first three rows are the results when β is fixed and no Bayesian update is performed. As the true value of β is 40,000, the other values correspond to cases where one has an incorrect knowledge about the value of β that is never corrected. The last four rows are the results when β has a known probability distribution that is updated according to the results of the inspections.
When the incorrect value of parameter β is used, the errors are significantly large. On the other hand, when Bayesian updating is applied, the incorrect prior knowledge is revised and the errors are much smaller. The peak value of parameter β is estimated with a good accuracy in all cases. Huang, Knopp, Tsunokai and Asada, Mechanical Engineering Journal, Vol.5, No.5 (2018) [DOI: 10.1299/mej.18-00157]
The statistical results of several prior density functions of c are compared in Table 4 . When the incorrect value of parameter c is used, the errors are relatively large. When Bayesian updating is applied, the errors decrease significantly. The peak value of parameter c is overestimated in all cases because the Bayesian estimation reaches a local minimum. Consequently, the number of inspections is underestimated. However, applying the Bayesian method improves the estimations, even when prior knowledge is incorrect. 
System reliability
The reliability of the system is estimated as well as the accuracy of this estimated reliability.
1) Estimation of reliability
The reliability is estimated from the inspection results through a probabilistic method. Because the estimation is performed through a simulation, one can compute the true reliability of the system from the initiation information of the fatigue cracks only. Fig. 5 shows an example of the comparison of estimated and true reliabilities of the entire system, obtained through simulation with all parameters fixed. While the estimated reliability is always greater than 0.8, the true reliability reaches values as low as 0.7. Huang, Knopp, Tsunokai and Asada, Mechanical Engineering Journal, Vol.5, No.5 (2018) [DOI: 10.1299/mej. 2) Accuracy of estimated reliability
Reliability Time
The accuracy of the estimated reliability, Aor, is defined by (37).
The three following simulations are performed: (a) simulation with fixed parameters, (b) simulation with Bayesian estimation of parameter β, (c) simulation with Bayesian estimation of parameters β and c. In the simulation of (b) and (c), the prior distribution of parameters is the uniform distribution with the range shown in table 1.
The value of Aor is shown in Table 5 and Fig. 6 . The error bars in the figure correspond to the standard deviation. Using fixed parameters or performing a Bayesian estimation for uncertain parameters has no significant influence on Aor. These results show that by applying the Bayesian approach, the presence of uncertain parameters has no significant influence on the accuracy of the reliability estimation. 
Conclusions
A method for determining the appropriate non-periodic inspection intervals of aircraft structures and estimating the value of uncertain parameters was improved by using conditional probabilities for the Bayesian estimation. Only the information about the last replacement or repair of a component is now required, instead of all the inspection information from start-up.
Numerical simulations showed that reasonable inspection intervals were obtained with this method, even when some of the parameters are uncertain. Furthermore, through a statistical analysis, it was shown that even with incorrect prior knowledge, the Bayesian approach allows estimating the inspection intervals with reasonable accuracy. Finally, the accuracy of the estimated reliability of the system was evaluated statistically and it was shown that if the Bayesian approach is applied, the presence of uncertain parameters does not significantly affect the accuracy of the estimation of the reliability.
The functional equations used for fatigue crack initiation, crack propagation, the probability of detection, failure rate and the probability of safety are selected mainly to demonstrate the capabilities of our approach. It is a 15 Ror.
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